The existence of linear differential resolvents for z α for any root z of an ordinary polynomial with coefficients in a given ordinary differential field has been established, where α is an indeterminate constant with respect to the derivation of the given field.
In this paper we consider several alphas. We will call a finite sum of indeterminate powers of a variable v a pseudopolynomial in v .
We will generalize the definition of a differential resolvent of a single polynomial for a single monomial z α to the definition of a differential resolvent of several polynomials for a pseudopolynomial in the roots. We will also generalize the definition of a resolvent to have non-consecutive derivatives.
We will show that the author's powersum formula may be used to compute this more general differential resolvent.
Standard notation from differential algebra and Introduction
All rings will be commutative with unity 1. Let denote the ring of integers. Let + denote the set of positive integers.
Let 0 + denote the set of nonnegative integers.
Let denote the field of rational numbers.
For any finite set S , let S denote its size. The symbol ∀ means "for all". The symbol ∋ means "such that". The symbol ≡ means "is defined as" or "is identically equal to". Although nothing in Theorems 3.1 and 4.2 require the differential fields have zero characteristic, many other theorems on differential resolvents have been proven only for char( F )=0. Hence, unless we specify otherwise, assume zero characteristic for all differential fields. Example 1.5 will demonstrate a resolvent when char( F )=3.
Joseph Louis Lagrange published his famous formula for an inverse of a power series of a single variable in 1770 [5] . In Section 5.1 of [2] Egorychev generalized Lagrange's formula to a formula for multiple variables. Suppose When the i F are polynomials in the n variables 1 { ,..., } n z z , then there exists a linear differential resolvent -basically, a finite-order linear differential operator -for Φ whose terms depend upon w . We will coin a new term for this differential operator for Φ --we will call it a joint differential resolvent of the polynomials i F for Φ .
For any constant α , transcendental or algebraic over 1 ,..., n z z < > , an α -resolvent of a univariate polynomial ( ) P t with n roots 1 { ,..., } n z z is the special case of a differential resolvent of ( ) P t for the pseudomonomial z α Φ = .
To be consistent with notation on earlier documents on differential resolvents rather than Egorychev's notation, we will use the letter y instead of Φ henceforth.
This article will generalize the definition of a differential α -resolvent into three directions. Generalization 1 of 3. First, we will generalize the definition of a differential resolvent of a single polynomial to the joint differential resolvent of several polynomials. 1  1  1  1  1,0  1,1  2  2  2  2  2  2  2  2,0  2,1  2,2   1  1  1  1  1  1  1,0 1,1 1,2 1, 1 
One possible formula for a coefficient-function --the individual coefficient of When we apply the eight resolvent operators
linear combinations of the seven variables 
Furthermore, let σ be the transposition which switches the roots 1
is also a resolvent of 1 ( ) P t . Therefore Therefore, the eight resolvent operators Thus, each term of Λ will have 21 21 441 ⋅ = coefficient functions. In actuality, the fifth-order and zeroeth order terms will most likely have fewer. Only a direct computation will prove that. So, we estimate that the six-term resolvent Λ will have about 6 441 2646 ⋅ = coefficient-functions.
Generalization 3 of 3.
In [8] the author generalized the definition of a resolvent of a single polynomial to include nonzero differential equations with nonconsecutive derivatives. We will include this generalization in this article. Then we will demonstrate in Theorem 4.2 that the author's powersum formula [5] can be used to compute joint resolvents when they exist. Finally, in Section 5, we will compute an elementary joint resolvent using Theorem 4.2.
We will not attempt to prove rigorously that the powersum formula can always be used to produce a nonzero differential equation. At present, this is a conjecture. (The definition of a differential resolvent contains the condition that the differential equation be nonzero.) No attempt will be made to determine the specific form (the specific sequence of powers of , i j α in a resolvent). Example 1.5 will demonstrate that the powersum formula can yield an identically zero LODO (Definition 2.5).
Example 1.5. Differential field with nonzero characteristic
Let 3 F be a differential field of characteristic 3. Let
In order to recover this same resolvent using the powersum formula, set up undetermined coefficient-functions 1 r and 0 r with 1 0 3 , r r ∈ F such that No attempt will be made in this paper to state a general theorem to help us factor each of the terms (more specifically, the coefficient-functions) of the joint resolvent. In [8] the author demonstrated how the main factorization theorem, Theorem 8.2 page 3089, in [7] , can be generalized to resolvents with nonconsecutive derivatives. Work is being done to generalize this factorization theorem to include joint resolvents for pseudopolynomials involving multiple indeterminate powers , i j α . Such a formal matrix factorization will be crucial in order to make the computation of joint resolvents possible. Currently, unfortunately, the computation of joint resolvents for pseudopolynomials is not computable on personal computers except for only the simplest of polynomials, such as the linear polynomials in Example 6.1. Section 5 will discuss other lines of research based on this work, such as determining the transcendentality of certain numbers expressed as solutions of a differential resolvent evaluated at certains points. 
Basic definitions concerning resolvents
e j L ≡ ∀ ∈ . These elements will be the coefficients of monic univariate polynomials j P . There is no critical reason now to take the polynomials j P to be monic.
That need arises when we examine deeper lines of research when we use the powersum formula Theorem 4.2 to prove the smallest rings in which differential resolvents can lie. Hence, it is safest now to remain consistent with standard notation and practice. Define { } Λ to be the differential ring generated by the rational numbers and Λ .
Definition 2.4.
For the remainder of this paper we will assume = < Λ > F . In other words, F will be the finitely differentially generated field of characteristic 0 generated by the coefficients of all the polynomials The definition of a differential resolvent given by Definition 2.7 is unrelated to the notion of a "resolvent of a differential prime ideal", supposedly also called a "differential resolvent", by Joseph Fels Ritt in his book Differential Algebra.
We will typically denote differential resolvents by capital letters R or ℜ and affix various subscripts and superscripts to them as necessary. We will typically denote the coefficient of m D by small letter m r .
Definition 2.8.
We will refer to m r as a term of the resolvent.
If we expand the resolvent as a polynomial in α , then we will typically denote the coefficient of 
In other words, σ maps the roots of ( ) i P t to the roots of ( )
Existence of joint resolvents of multiple polynomials for a pseudopolynomial
In applications of Theorem 3.1, one is more likely to start with a collection of univariate polynomials 
P t t ∈ F whose coefficients lie in the subfield of F differentially generated by the coefficients of ( ) i P t . We use the ~ symbol over ( ) i P t to distinguish the polynomials Observe that Dy is first order in the constants , i j α . We make the induction hypothesis that the form of the m -th derivative of y is 
We prove hypothesis (3.3) true by differentiating it 
where we now replace 
When the inner sum 
and…omitting the set of equations relating the polynomial 
F
. We use the notation Ε to stand for an extension of ( )
Let V denote the vector space In fact, a joint differential resolvent of two or more polynomials may be a resolvent for a pseudo (or regular) polynomial of the roots of one of the polynomials and a resolvent for a different pseudo (or regular) polynomial of the roots of the other polynomial. Example 3.3 explains. y z z z = ⋅ + and of the polynomial 2 ( ) P t for the polynomial 2 y u = . Of course, it is much easier to say simply that ℜ is a resolvent of the polynomial 3 ( ) P t . , ,
(up to sign) if this formula yields a nonzero value. Notation will be explained in the proof. 
We sum (4.1) over all combined permutations (Definition 2.10) of the
We get , , 
The powersum formula got its name powersum because originally the author summed over all permutations of the roots of the polynomial 
lies in the (non-differential) field generated by the coefficients of i P . So the joint resolvent has the form. 
